Electroweak theory with two massless Higgs doublets is studied by solving renormalization group equations for coupling constants in one-loop approximation. A cutoff Λ, at which one of quartic couplings in the Higgs potential blows up, is obtained by imposing constraints from the oblique parameter T on the quartic couplings at low energy. We find Λ ≃ 0.52 ∼ 8.4 TeV at the Higgs mass M H = 100 GeV. The cutoff Λ is at most about 60 TeV even if we take into account the LEP lower bound of M H ≃ 64 GeV. It cannot reach the Planck or GUT scale due to severe experimental constraints. It is impossible in the model to realize a large gauge hierarchy as suggested many years ago by S. Weinberg.
Introduction
It was pointed out by S. Weinberg many years ago [1] that massless-Higgsdoublet models, in which radiative corrections induce the spontaneous breakdown of the SU(2) × U(1) gauge symmetry ( Coleman-Weinberg mechanism [2] ), may have a possibility to explain the gauge hierarchy. Even though the quartic couplings of scalar fields defined at high energy scale, say the Planck ( or GUT ) scale M P (G) , are positive for the stability of theories, they decrease due to the radiative effects of gauge and Yukawa couplings as energy scale goes down. New minimum occurs in the potential aside from the origin by radiative corrections at a certain low-energy scale, which gives the same order of the VEVs for scalar fields. An enormous small mass ratio of the weak scale M W and M P (G) arises as an immediate dynamical consequence of massless scalar theories coupled to gauge fields. Yukawa couplings, in general, tend to destabilize the new minimum. The large Yukawa coupling of O(1) makes the new minimum unstable in one-massless-Higgs-doublet model, so that the model is excluded because of the recently announced heavy top quark mass M t ≃ 175 GeV. We believe that it is worthwhile to study this attractive possibility for realizing the gauge hierarchy even in models beyond the minimal model. Now the electroweak measurements are so precise that we are at the stage that we can say something about new physics beyond the minimal standard model. The oblique parameters introduced by Peskin and Takeuchi [3] are very useful and transparent tools for probing or constraining new physics. In a previous paper [4] we studied the oblique parameters in electroweak theory with two massless Higgs doublets. There are four kinds of scalars in the model, charged Higgs H ± , CP even ( odd ) Higgs h (A) and scalon H. The scalon is identified with the usual Higgs scalar in the minimal standard model and its mass is fixed to define the experimental limits on the oblique parameters. Hereafter the above Higgs masses are denoted as M H ± , M h , M A and M H , respectively. We obtained an allowed region of masses of new particles by studying the oblique parameter T . A mass relation induced by the ColemanWeinberg mechanism played an important and essential role for obtaining it.
The current experiments strictly constrain the mass spectra of new particles in the model. This means that the quartic couplings in the Higgs potential, which are written in terms of the masses of new particles, are also well-constrained.
We think that what Weinberg suggested is very attractive for realizing the gauge hierarchy even though we have at present no theoretically reliable mechanism to guarantee the masslessness of the Higgs doublets at high energy scale. It is important to study the possibility of such a large gauge hierarchy in the two-massless-Higgs-doublets model, taking into account comprehensively the constraints from the oblique parameters on coupling constants, in particular, on the quartic couplings in the Higgs potential and the heavy top quark mass.
It is also interesting to consider what physical pictures we should make if we cannot get a large gauge hierarchy.
In this paper we solve the RGE's for coupling constants in the electroweak theory with two massless Higgs doublets in one-loop approximation 1 to obtain a cutoff Λ in the model at which one of the quartic couplings blows up. We ignore the effects of the Yukawa couplings except for that of the top quark in evaluating the RGE's. Initial conditions for quartic couplings in the equations are determined from the constraints obtained by the oblique parameter T at reference points (M t , M H ) = (175, 100), (150, 100), (125, 100) GeV, where M t is the top quark mass and M H is the mass of the scalon. At each reference point, we obtain allowed mass regions for new particles. Picking up some points in the allowed region and fixing tan β for each point, which is a ratio of the vacuum expectation values of two Higgs fields, one can completely fix the quartic couplings at low energy. In our numerical analyses we choose tan β = 0.6, 1.0, 3.0. Using the quartic couplings obtained in this way as the initial conditions at low energy, we obtain a cutoff Λ in the model. We find that (i) the cutoff Λ is suppressed if there are hierarchies among the quartic couplings, while degeneracies between all the quartic couplings give larger Λ
(ii) Λ's do not take quite different values among these reference points, and it is about Λ ≃ 0.52 ∼ 8.4 TeV. (iii) If M H becomes smaller it is possible to make Λ larger than these values. It is, however, at most about 60 TeV if we take into account the current experimental limits on the top quark and Higgs masses.
In the next section, we briefly review the Higgs sector of the electroweak theory with two massless Higgs doublets. We clarify the relations between masses of new particles and the quartic couplings in the Higgs potential. In section 3 we show the allowed regions of masses of new particles constrained from the experimental limit on the oblique parameter T at three different reference points. In the section 4 we present results of our numerical analyses. Concluding remarks are given the final section.
The Higgs sector of the model
The Higgs potential of our model is given by
For the tree-level potential to be stable, the parameters λ 1∼5 must satisfy
2)
Here we choose the sign of λ 5 to be negative. The third condition in (2.2) must be satisfied to keep the U(1) em invariance. The Higgs potential is a homogeneous polynomial of the Higgs fields so that the SU(2) × U(1) gauge symmetry is not broken at the tree level. One must take into account at least one-loop corrections to the potential in order to break the symmetry.
Detailed discussions on the one-loop effective potential in the model are given in [5] [7] [8] . It is important to note that the gauge symmetry is broken desirably by radiative corrections ( Coleman-Weinberg mechanism ) if and only if the tree-level potential possesses a flat direction realized by the coupling relation
at some renormalization scale M R . The flat direction in the VEV space of the Higgs potential is given by
where
The order parameter ρ 2 is fixed by
where G F is the Fermi coupling constant. The renormalization scale M R at which (2.4) is realized is related to v by
The physical Higgs masses are obtained by the quadratic terms of the potential with respect to fields. We have
We identify the scalon denoted by H, which is the pseudo-Goldstone boson associated with the scale invariance of the Higgs potential, as the usual Higgs boson in the minimal standard model. Its mass is defined by
where V 1 is the one-loop effective potential in our model. By defining tan β as
the five quartic couplings are written in terms of the masses of new particles;
8)
From (2.8) and (2.9) we see that λ 3∼5 are fixed once we fix the masses M i ( i = H ± , h, A ). The determination of tan β fix λ 1 and λ 2 . Note that all the quartic couplings are defined at the energy scale M R . The masses of new particles are constrained by the oblique parameter T as we will see in the next section.
Constraints from the oblique parameter T
Let us obtain the allowed mass region for new particles, M H ± , M A and M h by studying the oblique parameters. The contributions to the parameters from new particles are studied in [4] at a reference point I(M t , M H ) = (175, 100) GeV in which we found that the constraint on the masses mainly comes from the parameter T . We had almost no constraints on them from the parameter S at the reference point. This situation does not changed in the case for reference points II and III defined below.
In order to see the behavior of the cutoff in our model with respect to the heaviness of the top quark, we choose following reference points; In Figs. 1 ∼ 3 we display the allowed mass region for M H ± and M h by using (3.1). The areas inside the solid curves are the allowed mass regions from the 1σ errors in T . In the previous paper we assumed M h ≤ M A because the parameter T is symmetric under M h ↔ M A . In this paper, however, we do not assume any possible mass hierarchies among new particles to study allowed quartic couplings comprehensively. At the reference point I, T takes negative values at the 1σ errors. A relation
must be satisfied to obtain the negative T . A left ( right ) domain of the allowed regions in Fig. 1 corresponds to the case M h(A) < M H ± < M A(h) . In order for the parameter T to make sense, the masses of new particles must be larger than the Z-boson mass M Z . We set M i (i = H ± , h, A) ≥ 140 GeV for illustration. This limit does not alter our numerical results for the cutoff significantly. Note that the values of M H ± can be determined once we fix M A and M h . This is because, from the expression (2.6), one obtains the mass relation
The oblique parameter T depends on three parameters, M H ± , M h and M A , but the mass relation (3.2) reduces the number of free parameters to two, for example, M A and M h .
For the later analyses we note the custodial symmetry of the Higgs potential in our model. The experimental limits on T include the value of zero in cases of the reference points II and III. In order to explain this value the Higgs potential must have the custodial symmetry. The custodial symmetry in our model can be realized if [9] . The former case implies λ 4 = λ 5 with tan β being free, and the later case does λ 1 = λ 2 = λ 3 with tan β = 1.0. The custodial symmetry is not necessary in the case of the reference point I because T is negative at the 1σ errors. We also note that if all the masses of new particles are degenerate we have λ 1 = λ 2 = λ 3 = −λ 4 = −λ 5 for tan β = 1.0.
Numerical results
Let us pick up some points which cover the almost all allowed region of masses of new particles obtained in the section 3. The points we pick up are labeled by A, B, etc in Figs. 1 ∼ 3 . For the right domain of the allowed regions in Fig. 1 , we take those points which are obtained from the points in the left domain by an exchange of M h and M A . This is possible because both domains are related each other by this exchange due to the symmetric property of T and M H ± under M h ↔ M A . At each point we calculate the quartic couplings λ 1∼5 by (2.8) and (2.9) for each tan β = 0.6, 1.0, 3.0. We use these couplings as initial conditions of the RGE's at low energy in our model. One should be careful that the conditions (2.2) and (2.3) must be satisfied in evaluating the RGE's, otherwise the system we concern becomes unstable. The absolute values of the initial conditions we shall use are within ranges 0.05 < |λ i | < 4.0 ( i = 1 ∼ 5 ). The quartic couplings constrained by T are large enough , so that the heavy top quark such as M t ∼ 175 GeV does not destabilize the true minimum of the potential in our model. This point is quite different from the model with one massless Higgs doublet.
In Tables 1 ∼ 3 we present numerical results of the values of a cutoff Λ for the reference points I ∼ III, respectively 2 . There are the cases with Λ < M i , where i stands for H ± , h or A. These cases denoted by values in parentheses in the tables are not acceptable. We observe that Λ's do not take quite different values among these tables. This means that the effect of the heavy top quark on Λ does not appear seriously at these reference points. This can be traced back to magnitudes of the mass of the scalon we choose in the reference points. It is seen from (2.6) that the quartic couplings must be appropriately large enough in order for the mass of the scalon to be 100 GeV for the heavy top quark masses. The initial values of the quartic couplings are sufficiently large, so that the running of the couplings is not affected strongly by the large Yukawa coupling, that is, the heavy top quark. Therefore, the sensitivity of the cutoff to the heavy top quark is small and the values of Λ is also small at the reference points. We will discuss the possibilities for obtaining larger cutoff in the last paragraph of this section. At each point in the tables the largest cutoff is obtained for tan β = 1.0, which means λ 1 = λ 2 . A large difference λ 1 ≪ (≫)λ 2 are produced when tan β = 0.6 ( 3.0 ) ( see (2.7)). Then, one of the couplings blows up faster than the other coupling. This is why there are many Λ < M i cases in these two values of tan β. When λ 1 or λ 2 exceeds about 5, the cutoff Λ lies below one of mass spectra of new particles as far as our numerical analyses are concerned.
For example, at the point E ( M ) with tan β = 3.0 (0.6) in Table 2 , we have (λ 1 , λ 2 ) ≃ (5.9 (0.74), 0.07 (5.7)).
We observe that Λ is larger when the hierarchies among the quartic couplings are smaller. Let us explain this feature by comparing the points C and L in the Fig. 2 as an example. The quartic couplings at the points for tan β = 1.0 are calculated as C(λ 1 , λ 2 , λ 3 , λ 4 , λ 5 ) ≃ (0.37, 0.37, 3.67, −1.54, −2.50), Λ ≃ 3.95 TeV, L(λ 1 , λ 2 , λ 3 , λ 4 , λ 5 ) ≃ (1.48, 1.48, 2.56, 1.99, −2.04), Λ ≃ 6.41 TeV. 2 The points listed in Table 2 and 3 are the case with no custodial symmetry in the Higgs potential. We shall discuss the case with the symmetry separately.
From these values we obtain 1.2 ≤ δλ ij ≡ ||λ i | − |λ j || ≤ 3.3 for C, 0.52 ≤ δλ ij ≡ ||λ i | − |λ j || ≤ 1.08 for L, where i (> j) runs from 1 to 5. The hierarchies among the quartic couplings become smaller and smaller to give larger cutoff as shown Table 2 when we move the points along C→G→J→L→N. δλ ij at the point N takes almost the same values with the point L. But the absolute values of each quartic coupling at N are somewhat larger than those of L, so that Λ at L becomes slightly larger than Λ at N. The same tendency for degenerate quartic couplings are also seen in Fig. 2 by D→E→F→G and A→D→H→K→N. These behaviors for smaller hierarchies among the couplings are common in three reference points we choose.
The maximum value of the cutoff in Table 1 for the cutoff we found that Λ takes larger value when the masses of new particles are almost degenerate. So we assume
with tan β = 1.0, which means λ 1 = λ 2 = λ 3 = −λ 4 = −λ 5 as mentioned in the section 3. We present results of Λ for these cases in Table 6 . When M H becomes light, the quartic couplings become smaller for both M t = 175 GeV and M t = 125 GeV cases to yield larger cutoff. In particular, for M t = 125
GeV the degrees of decreasing the values of the quartic couplings are large compared with M t = 175 GeV case, so that the difference of the cutoff between M t = 175 GeV and M t = 125 GeV for each value of M H is enhanced as M H becomes lighter. Apparently, we see the effect of the top quark on Λ. If we take M H = 10 GeV for M t = 125 GeV, which corresponds to
Λ is about 1.06 × 10 14 GeV. A large gauge hierarchy can be realized, but the constraints from the LEP bound of M H ≃ 64 GeV and the announced heavy top quark mass are not satisfied. The top and Higgs masses are so heavy that the cutoff cannot reach the Planck or GUT scale.
Concluding Remarks
We have studied the one-loop RGE's in the electroweak theory with two massless Higgs doublets. Initial conditions of the equations for the quartic couplings are fixed by the constraints obtained from the oblique parameter T at three reference points (M t , M H ) = (175, 100), (150, 100), (125, 100) GeV. The constrained quartic couplings are large enough that the true minimum in the potential of the model is not destabilized by the heavy top quark. We have found the cutoff Λ in the model for the reference points. The result is summarized as Λ ≃ 0.52 ∼ 8.4 TeV. The values of the cutoff among these reference points are not so different. The cutoff becomes larger when the quartic couplings are almost degenerate, which also includes the case with the custodial symmetry in the Higgs potential. The value of the cutoff is at most about 60 TeV, and it is impossible to obtain larger values of Λ than this value from the current experimental limits on the Higgs and the top quark masses. The heavy top quark and LEP bound on the Higgs mass prevent Λ from reaching the high energy scale. It is impossible to realize the large gauge hierarchy as suggested many years ago by S. Weinberg in the electroweak theory with two massless Higgs doublets because of the constraints on Λ from the oblique parameter T and the heavy top and Higgs masses.
The obtained cutoff Λ indicates that the physics we have considered must be changed around Λ. It is natural to take a point of view that our model is an effective theory at low energy of some fundamental dynamics. When the energy scale approaches to Λ, the quartic couplings become large and are outside the validity of the perturbation theory. This implies that nonperturbative dynamics governs the physics near the scale Λ. It may be possible to consider that the massless Higgs fields are Nambu-Goldstone-boson fields associated with the breakdown of some symmetries. This possibility is natural in the usual sense that effective theories forbid scalar mass terms for naturalness. One may also consider that the Higgs potential (2.1) is regarded as a part of the low-energy effective ( Ginsburg-Landau ) lagrangian of composite Higgs fields, which are bound states of fermion and anti-fermion. In this case the mass terms for the composite Higgs fields at the tree level are renormalized to be zero, and one should take into account the effects of higher dimensional operators in discussing the low-energy physics because of a small hierarchy between v ∼ 246 GeV and Λ we have studied. Table 2 The cutoff Λ obtained at the reference point II for tan β = 0.6, 1.0, 3.0. The value of M A is determined once we fix the point on M H ± − M h plane by the relation (3.2). Table 3 The cutoff Λ obtained at the reference point III for tan β = 0.6, 1.0, 3.0.
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The value of M A is determined once we fix the point on M H ± − M h plane by the relation (3.2). Table 4 The cutoff Λ in the case with the custodial symmetry in the Higgs potential at the reference point II. The upper ( lower ) values in each point correspond to M H ± = M h with tan β = 1.0 ( M H ± = M A with tan β being free ). GeV unit is used for the masses of new particles. M i=j means M i = M j . Table 5 The cutoff Λ in the case with the custodial symmetry in the Higgs potential at the reference point III. The upper ( lower ) values in each point correspond to M H ± = M h with tan β = 1.0 ( M H ± = M A with tan β being free ). GeV unit is used for new particles. M i=j means M i = M j . Table 1 point 
